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Abstract : We found a new formulation to the Euler-Lagrange equation 
of the Willmore functional for immersed surfaces in R m . This new formulation 
of Willmore equation appears to be of divergence form, moreover, the non- 
linearities are made of jacobians. Additionally to that, if H denotes the mean 
curvature vector of the surface, this new form writes CH — where £ is a well 
defined locally invertible self-adjoint operator. These 3 facts have numerous 
consequences in the analysis of Willmore surfaces. One first consequence is 
that the long standing open problem to give a meaning to the Willmore Euler- 
Lagrange equation for immersions having only L 2 bounded second fundamental 
form is now solved. We then establish the regularity of weak W 2,p — Willmore 
surfaces for any p for which the Gauss map is continuous : p > 2. This is based 
on the proof of an e— regularity result for weak Willmore surfaces. We establish 
then a weak compactness result for Willmore surfaces of energy less than 8tt — 5 
for every S > 0. This theorem is based on a point removability result we prove 
for Wilmore surfaces in R m . This result extends to arbitrary codimension the 
main result in [KS3J established for surfaces in R 3 . Finally, we deduce from this 
point removability result the strong compactness, modulo the Mobius group 
action, of Willmore tori below the energy level 87r — <5 in dimensions 3 and 4. 
The dimension 3 case was already solved in [KS3J. 

I Introduction 

Weak formulations of PDE offer not only the possibility to enlarge the class of 
solutions to the space of singular solutions but also provide a flexible setting 
in which the analysis of smooth solutions becomes much more efficient. This is 
the idea that we want to illustrate in this paper by introducing this new weak 
formulation of Willmore surfaces. 

For a given oriented surface £ and a smooth positive immersion $ of S into 
the Euclidian space R m , for some m > 3, we introduce first the Gauss map 
n from £ into Gr m ^2(^ m ), the grassmanian of oriented m — 2— planes of R™, 
which to every point x in £ assigns the unit m — 2-unit vector defining the 
m — 2— plane N^ X ^(H) orthogonal to the oriented tangent space T$( X )$(I]). 
This map n from S into GV m _2(R m ) defines a projection map : for every 
vector £ in ^(^(1™) 7Tn(£) is the orthogonal projection of £ onto N<f,r x \$>(E). 
Let then B x be the second fundamental form of the immersion $ of S. B x 
is a symmetric bilinear form on T X E with values into N^^ x ^{Yi). B x is given 
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by B x = TTfi o g? 2 $. By the mean of the ambiant scalar product in M m , which 
induces a metric g on E, we define the trace of B Xl tr(B x ), which is a vector 
in JV$(a;)$(S) given by tr{B x ) = B x (ei,ei) + B x (e 2 ,e 2 ) where (ei,e 2 ) is an 
arbitrary orthonormal basis of X^E. The mean curvature vector H(x) at x of 
the immersion by <I> of E is with theses notations the vector in 7V$( X )<I>(E) given 

by 

H{x) = \tr{B t ) . 

In the case where m = 3, H(x) is the product of the mean value H = 1/2(ki+k 2 ) 
of the principal curvatures K\, k 2 of the surface at <&{x) by ft, the unit normal 
vector. 

The so called Willmore Functional is then the following Lagrangian 

W(<f>(Y)) = { \H\ 2 dvol g . (I.l) 

where dvol g is the area form of the metric g induced on $(E) by the canonical 
metric on M. m . 

This lagrangian has been apparently first considered in the early 20th cen- 
tury in various works by Thomsen [Thoj . Schadow and a bit later by Blaschke 
jBla) . It has been reintroduced and more systematically studied in the frame- 
work of the conformal geometry of surfaces in space by Willmore in 1965 [Wilj . 
Beyond conformal geometry this lagrangian plays an important role in various 
areas in science such as molecular biology, where it has been considered as a sur- 
face energy for lipid bilayers known as Helfrich Model Hef , such as non- linear 
elasticity in solid mechanics where it arises as limiting energy in thin plate the- 
ory (see |FJMj for instance) or even in general relativity where the lagrangian 
p.ip is the main term in the so called Hawking quasi local mass (see [Haw] . 
|HI])...etc. One of the reason for the genericity of this lagrangian is maybe the 
property discovered by White [Whij for m = 3 and proved by B.Y. Chen [Che] 
for arbitrary m which says that the functional remains unchanged under the 
action of a conformal diffeomorphism of M. m (and even under conformal changes 
of metric of the ambiant space). 

We are interrested in this work in the critical points of (jl.ip for perturba- 
tions of the form <I> + t<f> where <f> is an arbitrary smooth map from E into M. m . 
These critical points are the so called Willmore surfaces. Because of the invari- 
ance of the lagrangian under the action of conformal transformations of R' m , 
images of Willmore surfaces by such conformal transformations are still Will- 
more. Examples of Willmore surfaces are minimal surfaces for which H = 
and which realize then absolut minimum of W. Willmore surfaces satisfy an 
Euler-Lagrange equation discovered by Willmore for m = 3 (though it was 
apparently known by it's predecessors on the subject Thomsen, Schadow and 
Blaschke in the twenties) and was established in it's full generality, for arbitrary 
m, by Weiner in | Weij . Before presenting the equation we need the following 
notations : Consider for every vector w in iV^,( x )$(E) the symmetric endo- 
morphism A™ of T^E satisfying for every pair of vectors X and 7 in TjE the 
identity g(A x (X), Y) — B X (X, Y)-w, where • denotes the standard scalar prod- 
uct in R m . The map which to w assigns the symmetric endomorphism A x of 
T X Y> for the scalar product g is an homomorphism that we denote A x from 



2 



N$( x )<f>(H) into S'gSa;, the linear space of symmetric endomorphisms from T X H 
with respect to g. Denote A x the endomorphism of NM x )(f>(E) obtained by 
composing the transpose t A x of A x with A x : A x — t A x o A x . Let (ei,e*2) be 
an orthonormal basis of T^E and let L be a vector in iY$( x )$(E), we have that 
ML) = T, itj B(e i ,e j ) B^e^-L 

With these notations, $ is a smooth Willmorc immersion if and only if it 
solves the following Eulcr-Lagrange equation 

A ± H-2\H\ 2 H + A(H) = , (1.2) 

where Aj_ is the negative covariant laplacian for the connection D in the normal 
bundle 7V$(£) to $(£) issued from the ambiant scalar product in R m : for 
every section a of N<S>(E) one has D^a := TTft(<j*X). In the particular case 
when m — 3, the mean curvature vector H is oriented along the unit normal 
to <&(£), H — Hri, and (|I.2|) is equivalent to the following equation satisfied by 
the mean curvature function H : 

A g H + 2H {\H\ 2 - K) = , (1.3) 

where A g is the negative laplace operator for the induced metric g on <I>(E) and 
K is the scalar curvature of (£, g). 

Despite their elegant aspects equations (|I.2I) and (|I.3[1 offer challenging math- 
ematical difficulties. First of all one has to observe that the highest order term 
A±H for p.2jl or A g H for (jL3j is non-linear since the metric g defining the 
Laplace operator depends on the variable immersion $. Another difficulty comes 
from the fact that the Euler-Lagrange equations (|I.2p , (|I . 3 j) are a-priori non com- 
patible with the Lagrangian 1|) in the following sense. Making the minimal 
regularity assumption which ensures that the Lagrangian is finite - the 
second fundamental form B is L 2 on <&(£) - is not enough in order for the non- 
linearities in the equations p.2jl or p.3jl to have a distributional meaning : the 
expression \H\ 2 H requires at least that H is in L 3 and not only in L 2 ...etc. 

Recently the author proved in Ril that that any Euler Lagrange equation 
of any 2-dimensional conformally invariant lagrangian with quadratic growth 
(such as the harmonic map equations into riemannian submanifolds or such as 
the precribed mean curvature equation) can be written in divergence form. This 
divergence form has numerous consequences for the analysis of this equation. It 
permits , in particular, to extend the set of solutions to subspaces of distribution 
with very low regularity requirement. It seems that the analysis developped in 
[Ril] could be extended to other conformally invariant equations such as the 
harmonic map equations into Lorentzian manifolds. Granting this observation 
together with the correspondance established by Bryant |Bry| between Willmorc 
surfaces in R 3 and harmonic maps into the Minkowski sphere S 3,1 in R 4 ' 1 , the 
author found not really the technic but at least a strong encouragement for 
looking for a divergence form to the Willmore Euler-Lagrange equation (jl.ip . 

Our first main result in the present work is the following 

Theorem 1.1 Willmore Euler-Lagrange Equation III. £)) is equivalent to 

d U g dH - 3 * 9 nft(dH)) + d (h A dft\ = (1.4) 
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where * g is the Hodge operator on E associated to the induced metric g and 
where we make the implicit identification, by the mean of the standard volume 
form o/R m , between m — 1-vectors and vectors in R m (i.e. H Adft is then a 1 
form on E with values into M™ 1 ). 

Assuming the immersion $ is conformal from the fiat disc D 2 = E into R m 
then $ is Willmore if and only if 

AH - 3 div{7TH(VH)) - div (S A V^nj = (1.5) 

where the operators A, div and V are taken with respect to the flat metric on 
D 2 (A = d 2 Xi + d 2 2 , divX = tr o V and V = (d Xl ,d X2 )). The operator V 1 - 
denotes the rotation by ir/2 o/V : V := (— d X2 , d Xl ). □ 

This justifies then the following terminology : for a given map n from D 2 into 
G m _2(R m ) we shall denote Cn and call it the Willmore operator the operator 
which to a function w from D 2 into R m assigns 

Cnw := Aw — 3 div(irft(\7w)) — div(w A Vn) . (1.6) 

Although it was not difficult to check it came as a nice surprise that this elliptic 
operator is self-adjoint : for any choice of map n in W 1,2 {D 2 , Gr m _2(R m )) and 
for any choice of compactly supported maps v and w from D 2 into R m we have 

/ v-£fiw= / CfiV-w . (1.7) 
Jd 2 Jd 2 

Another important information is the following 

TTfi{v) := (v- H(x)) ■ n(x) 

where • is the contraction operators between p— and q— vectors producing \p — 
(j | vectors in R m . Observe that 

div(irft(Vw)) — A [{w ■ n(x)) ■ n(x)] — (w- Vn(i)) -n(x) — (w -n{x)) • Vn(x) (1.8) 

Thus, assuming now that the unit m — 2— vector n is in W 1,2 , the distribution 
Cftw given by (|I.6[) is well defined for an arbitrary choice of w in L 2 (D 2 ). This 
shows that the Euler-Lagrange equation in the form (|I.4[) or (|I.5|) is compatible 
with the Lagrangian (jl.ip . Indeed the equation has a distributional sense under 
the least possible regularity requirement for the immersion <i>(E) : This minimal 
requirement is for the Gauss map to be in W 1 ' 2 on E with respect to the induced 
metric. 

We assume first that 3>(E) is included in a graph Gf of a map / from D 2 
into R' m ~ 2 . In order to ensure that the Gauss map to that graph is W 1 ' 2 on 
the graph, we are making the minimal regularity requirements on / which are 
/ e W 2 - 2 for m = 3 in one hand and / £ W 1 ' 00 CI W 2 * 2 for m > 3 in the other 
hand. 

We now define the notion of Weak Willmore Graph. To that purpose it will 
be convenient to introduce locally a conformal parametrization of the graph G / . 
The local existence of such a parametrization is given in |MSj for m = 3 and 
/ G W 2 ^ 2 (D 2 ) and by theorem 5.1.1 in [Hi] for to > 3 and / G W 1 ^ n W 2 ' 2 . 
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Definition 1.1 /Weak Willmore Graphs/ Let f be a W 2 ' 2 function from 
D 2 into R for m = 3, respectively let f be a Lipschitz and W 2 ' 2 map from 
D 2 into R m ~ 2 for m > 3, we say that the graph Gf of f is a Weak Willmore 
Graph when, in a conformal parametrization <£> from D 2 into Gf, the L 2 mean 
curvature vector H and the W 1 ' 2 Gauss map n solve the equation . 

C H H = AH -3 div(iTfi(VH))-div(ji AV X n) =0 inV'(D 2 ) . (1.9) 

□ 

Defininig W 2 " 2 Willmore immersion is a-priori problematic for the following 
reasons. Let $ be a W 2,p map from a closed surface into K. m . The assumption 
that $ is an immersion means that \d Xl $> /\d X2 $>\/\VQ\ 2 > a.e. Assuming that 
p > 2 implies that V$ is continuous and therefore the immersion assumption 
gives a positive lower bound on E to the function \d Xl & A ^a'&l/l V$| 2 . As a 
consequence we obtain that n is also in W 1,p . Whereas this was a-priori not 
true for p = 2 . The assumption that p > 2 implies moreover that $(E) is made 
of a finite union of W 2,p graphs because of the continuity of the Gauss map in 
that case. Hence, using definition lI.il the assumption that the immersion $ is 
in W 2,p for some p > 2 permits to define W 2 ' p Willmore immersions. Note that 
this extends to the situation where we only assume that the second derivatives 
of <E> are in the Lorentz space L 2 ' 1 . This assumption on which is weaker than 
the W 2 ' p assumption for p > 2, still ensures the continuity of the Gauss map n 
and that the second fundamental form of ^(E) is in L 2 for the induced metric. 
It is a "border line assumption" in that respect. V 2 <E> € L 2,1 (E) means that for 
some metric on E 

+ oo 1 

\{x£T, : |V 2 $|(x) > A}| 5 < +oo . (1.10) 

where | • | denotes the measure associated to the choice of metric we made on 
E. An introduction to Lorentz spaces can be found in |Ta2| . 

The second main result in the present work is the following 

Theorem 1.2 Let E be a closed surface and let $ be an immersion of E in 
some euclidian space R m with 2 derivatives in the Lorentz space L ' . Assume 
$ is Willmore. Then $(E) is the image of a real analytic immersion. □ 

Note that since any W 2 ' p map for p > 2 has two derivatives in L 2 ' 1 , theo- 
rem |L2] holds for W 2,p Willmore immersions for p > 2. 

The previous theorem is a direct consequence of the following e— regularity 
result. This result was previously established by Kuwert and Schaetzle in [KSlj 
for strong solutions : in the case where the surface is already assumed to be 
smooth. 

Theorem 1.3 [e— regularity for Weak Willmore Graphs.] Let m be an 

integer larger than 2. There exists e > such that the following holds. Let 
f be a function from the unit 2-dimensional disk D 2 into R m_2 with second 
derivatives in the Lorentz space L 2, . Assume that the graph of f, Gf C R m , is 
Willmore (according to definition U '. 1\) . Denote n the Gauss map to this graph 
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which is a map from Gf into the grasmmanian of unit m — 2— vectors ofW 
Then, under the following small energy assumption 



where the metric on Gf is the one induced by the flat metric of M. m , we have 
that the intersection of Gf with the cylinder Gf (1/2) := Gf nBf, 2 (Q) x R m ~ 2 
is C°° and we have for every k £ N 



An interresting problem is to study whether this result extends or not under the 
weaker assumption that / is in W 2 ' 2 for m = 3 or respectively in W 2 ' 2 D W 1,oa 
for m > 3. 

Another fundamental question is to describe the "boundary" of the Moduli 
spaces of closed Willmore surfaces of given genus and bounded Willmore energy. 
In other words one aims to describe the limiting behavior of sequences of Will- 
more surfaces S n with fixed topology and bounded Willmore energy. Modulo 
the action of the Moebius group of conformal transformations of K. m , which 
preseves Willmore Lagrangian, and therefore Willmore equation 1I.4|) . we can 
always fix the area of each S n to be equal to 1. Now using Federer Fleming ar- 
gument we can extract a subsequence to that sequence such that the current of 
integration on S n converges for the Flat topology to some limiting integral cur- 
rent of integration S (see [Fej for the terminology of integral currents). S ince S n 
has a uniformly bounded Willmore energy and a fixed topology, the L 2 norm for 
the induced metric of it's second fundamental form and hence the IF 1,2 — norm 
on the surface of the Gauss map are bounded. Applying then theorem 11.31 and 
a classical argument of concentration compactness we then deduce that S n con- 
verges, in a suitable parametrization, in the C k topology to S outside finitely 
many points {p\, ■ ■ ■ ,Pk}- This strong convergence implies S is a smooth Will- 
more surface a-priori outside these points. The question to know whether these 
singular points are so called "removable" or not is then fundamental. In the 
case where S is a graph in a neighborhood of pk the regularity of S about pk 
is given by following result which extends to arbitrary codimensions the main 
result of [KS3] , 

Theorem 1.4 [Point removability for Willmore graphs.] Let f be a con- 
tinuous function from B 2 (0) intoWL™ 1 . Assume that f realizes a W 2,p — Willmore 
graph over D 2 \ {0} for some p > 2 and that the W 1 ' 2 energy of the Gauss map 
on Gf \ {(0, /(0))} is bounded. Then the graph of f over the whole disk D 2 
is a C ' a submanifold of R m for every a < 1. Moreover, if H denotes the 
mean curvature vector of the graph, there exists a constant vector Hq such that 
H(x) — Hq log \x — xq\ is a C°' a function on the graph, where xq = (0, /(0)) and 
\x — xo\ denotes the distance in the graph between x and xq. If Hq = then Gf 
is an analytic Willmore graph. □ 

Granting this result for m — 3 Kuwert and Schatzle were able to establish 
the fact that S is a smooth Willmore surface in R 3 under the assumption that 




(1.11) 




(1.12) 



where Ck are universal constants. 



□ 
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the Willmore energy of the S n is less than 87r — <5 for any fixed 5 > 0. This 
last fact ensures that S will be a graph about each pi, i = 1 ■ ■ ■ k and that the 
residues Hq will be equal to at each pi. The arguments to prove that, under 
the assumption that W(S n ) < 8ir — S, S is a graph about each p t and that the 
residues H at each pi are equal to can be found page 344 of |KS3| and are 
not specific to the codimension 1. Therefore combining them with our point 
removability result, theorem 11.41 with these arguments we can now state our 
last main result 

Theorem 1.5 [Weak compactness of Willmore Surfaces below 87r] Let 
m be an arbitrary integer larger than 2. Let 5 > 0. Consider S n C R m to 
be a sequence of smooth closed Willmore embeddings with uniformly bounded 
topology, area equal to one and Willmore energy W(S n ) bounded by 8n — S. 
Assume that S n converges weakly as varifolds to some limit S which realizes a 
non zero current. Then S is a smooth Willmore embedding. □ 

Observe that the assumption that S n is a smooth Willmore immersion com- 
bined with the fact that W(S n ) < 8n implies that S n is an embedding due to a 
result by Li and Yau |LY| . 

Finally, combining again arguments in [KS3] (pages 350-351) together with 
our point removability result and a theorem by Montiel in Mon which in par- 
ticular implies that any non-umbillic Willmore 2-spheres in R 4 has Willmore 
energy larger than 87r (this was known in R 3 since the work of Bryant |Bry| ) , 
we obtain the following. 

Theorem 1.6 [Strong compactness of Willmore torii below 87r] Let m — 
3 or m — 4. Let S > arbitrary. The space of Willmore embedded torii in R m 
having Willmore energy less that 8tt — S is compact up to Mobius transformations 
under smooth convergence of compactly contained surfaces in R m . □ 

This extends to m = 4 theorem 5.3 of [KS3J where the above statement was 
proved for m = 3. 

A crucial role in the analysis of Willmore surfaces that we develop in this 
paper is played by the following observation. We present it for m = 3. Consider 
an L 2 map w from D 2 into R 3 . Assume it is in the kernel of the Willmore 
operator Cft for some map n in W 1,2 (D 2 , S 2 ) : Cftw = 0. Introduce the following 
Hodge decomposition 

V«J — 37T/v(VuT) = VA + V^i? (1.13) 

for the boundary condition A = on 3D 2 for instance. Denote (<fi,e2,e3) the 
canonical basis of R 3 . Then A and B = Y^i=i solve the following equations 

AA = \7H A V^n = d y H A d x n - d x H A d y n 

3 

ABi — 3div(irpf(V ± w)) = i^^V(ninj) ■ V ± u>j /j ^ 

3 

= 3 2J d y {ni rij) d x Wj - d x (ni n 3 ) d y w 3 

3 = 1 
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where w = Y] —1 Wj ej and n — The striking fact in the system 

dLM]) is that all the non-linearities are linear combinations of jacobians. This 
special algebraic structure plays a special role in geometric analysis. This was 
probably first discovered by Wente in |Wen| . An in-depth description of this is 
given in the book of Helein [Helj . This role is illustrated by the so called Wente 
type estimates (see section 3.1 of Hel ) which are used intensively in the present 
work. 

Final Remarks : 

i) The analysis we are developping in this work should give the direction for 
a new proof to Simon's result |Si2| on the existence of embedded energy 
minimizing Willmore Tori in R m for every m > 3. 

ii) Our approach should be very useful in the study of the Willmore Flow 
initiated in the work of Kuwert and Schatzle [KSlj . [KS2j. KS3J (see also 

EmU). 

iii) Observe that for a Willmore surface the Hodge decomposition p,13[) ap- 
plied to the mean curvator vector H gives the following system. 

AA = \7H A V^n 

(1.15) 

AB = -3Vi/-V ± n 

Since | Vij 2 +| VB\ 2 = 4| VH \ 2 +\H | 2 \Vn\ 2 , Wente estimates, with optimal 
Wente constants, applied to (|I.15jl should give interresting lower bounds 
to the Willmore energy of Willmore immersions of Tori. 

iv) Starting from the conservation law (jL4| it is maybe possible to extend 
the notion of Willmore surfaces to varifolds with L 2 — bounded generalized 
mean curvature (see [Si 1] for this last notion). The need to extend Will- 
more surfaces to a larger class of object seems as natural as the extension 
of the notion of minimal surfaces to minimal varifolds is. 

The paper is organised as follows. In section 2 we compute the conservation 
law satisfied by Willmore surfaces (proof of theorem II. lj) . In section 3 we give 
a proof of the e— regularity for Willmore graphs, theorem 11.31 In section 4 we 
give a proof of the point removability result for Willmore graphs, theorem 11.41 
A large part of the paper is devoted to the appendix in which we study, outside 
the context of Willmore surfaces, various properties of the Willmore operator 

Acknowledgments : The author is very grateful to Robert Bryant for stimu- 
lating discussions on Willmore surfaces and in particular for having pointed out 
to him the work of Sebastian Montiel quoted above. 

II Conservation laws for Willmore surfaces 

In this section the operators V, div, A will be taken with respect to the flat 
metric on the unit 2-dimensional disk D 2 = {z 6 C ; \z\ < 1} Let Phi be a 
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smooth conformal embedding of the unit disk D into W 1 . Denote E = $(£) ) 
and 



<9$ 




9$ 


9a; i 







Because of the topology of D 2 , the normal bundle to E is trivial and there 
exists therefore a smooth maps n{z) = (rii(z), ■ ■ ■ ,n m _ 2 (2 ; )) from D 2 into the 
orthonormal m — 2 frames in M. m satisfying 

(ni(z), • • • , n m _ 2 (z)) is a positive orthonormal basis to N^^T, , 

where iV^^E = (T^^E)- 1 is the orthonormal m — 2 plane to the tangent plane 
XW^E of E at $(2;). We denote by (ei,e2) the orthonormal basis of IW^E 



given by 



With these notations the second fundamental form h which is a symmetric 
2-form on T$( Z )E into iV$( z )E is given by 



h = S fe « " a with fe « = ~ e 



In particular the mean curvature vector H is given by 

m — 2 ^ m— 2 

2 



9n Q ^ 



(11.16) 



m — 2 1 m — 2 



(11.17) 



a=l 



a=l 



Let n be the m — 2 vector of R m given by n = Hi A • • • A ri 2 ■ We identify vectors 
and m — 1-vectors in R m in the usual way. Hence we have for instance 



n A ei = (-l)™" 1 ^ and n A e 2 = (-l) ro - J ei 



(11.18) 



Since e*i, e 2 , ni • • • n m _ 2 is a basis of X$( z )R m , we can write for every a = 
1 • • -to - 2 

m-2 2 

V4 = (Vn a ,n/3) + ^(Vn tt , ei) e 4 
/3=1 »=i 

and consequently 

ft A V^n a = (-1)" 1 - 1 (V^, ei) e 2 + (-l)™" 2 {V ± H a , e 2 ) e x (11.19) 

Using the symmetry of the second fundamental form (i.e. hfj = h^) and the 
conformality of $ we have 



dn a 
dxi 



,e 2 



dn a 
dx- 



■> e i 



(11.20) 
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Thus, combining (|II.19|) and (|II.20|1 . we have 
n A \7 ± n a 



(-iy 



i-iy 



dn a _, 



dx i 



-,e 2 



+ (-!)' 



<9n a _ 

"5 — > e i 
ox i 



dn a 
dx 2 



e 2 + (-1) 



e 2 + (-1) 



,e 2 




ei 



ei 



This implies 



ei 



C2 



(11.21) 



(11.22) 



Since = e A e*i and <9 a $ = e A e 2 we finally get the following important 

identity 

m-2 

V^ + t-ir^nAV^ = 5^(V« a> «/j) np-2H a V<f> . (11.23) 

0=1 

Following the " Coulomb Gauge extraction Method" presented in the proof of 
lemma 4.1.3 of [Hel we can choose a trivialization (fti ■ ■ ■ n m _ 2 ) of the orthonor- 
mal frame bundle associated to our trivial bundle NT, satisfying 



VI < a, (3 < m — 2 div(S7n a , ftp) = 
Combining (|II.23|> and (|II.24|) we obtain in one hand 
div (Vn a + (-l) m_1 ?i A y- L n a ) 

m-2 

= (Vn a ,^) ■ - 2VH a ■ V$ - 2H a A$ 

In the other hand a classical elementary computation gives 

A$ = 2 e 2X H . 
Therefore combining the two last identities we obtain 
div (Vn Q + (-l) m_1 n A V^n a ) 

= J2{Vn a ,n l3 )-Vn p -2VH a -V$-4e 2X H a H 

0=1 



(11.24) 



(11.25) 



(11.26) 



(11.27) 
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Multiplying this identity by H a , summing over a between 1 and m — 2 and 
using the expression of H a V<J> given by (|II.23[) we obtain 

m — 2 m—2 

Ha d ™ (V4 + (-l) m - x n A V x n a ) - ViJ " ' W « 

a— 1 a— 1 

m-2 

o=i (11.28) 

m—2 m—2 
a, 0=1 a, 0=1 

-4e 2X H a H . 

For a purpose that will be clear later we rewrite equation (|II.28[) in the following 

way 

m — 2 m—2 m—2 

^ An Q - ^ V£T • Vn„ - (-l)" 1 " 1 ^ div (H a n A V"^) 

a— 1 a— 1 a— 1 

m — 2 m — 2 

= Ha ^^tip) • Vffc - Y, v # " • ftp) rip (11.29) 

a, /3=1 a, 13=1 

m-2 

-2(-l)™- 1 H a div (n A V^) -Ae 2X H a H . 

a=l 

We shall give now an expression of (— l)" i_1 J2™=i H a div (ft A V 1 ^) which 
will be usefull in the sequel. Using (|II.19j> we have in one hand 

{-l) m - l div (nhV^n a ) 

= (V X Ti ,Vei) e 2 - (V ± n cn Ve 2 ) e*i 

+ (V i n Q ,e 1 ) Ve 2 - (V^n^ea) Ve x 



m-2 

= X, (V^^q) n^) [(n^Vei) e 2 - (%, Ve 2 ) e\] 

/3=1 
m-2 

+ y [(V ± ri a ,e 1 ) (Ve 2 ,rip) - (V ± n a ,e 2 ) (Vei,^)] Hp 

0=1 



(11.30) 
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In the other hand, using the symmetry of h, 

(V^n^ei) (Ve 2 ,ftp) - (V ± n a ,e 2 ) (Vet, ftp) 



de% _ \ ( de 2 _ \ ( de\ _ \ / <9e2 



— e ^12^12 ^22^11 + ^12^12 h-iih? 
= e 2A V 4c 2 * H a H 13 . 

Combining pi.30j) and pi.31jl we obtain 

m-2 

H a div (ft A V x tJ q ) 

a=l 

m-2 

= Ha ftfi) [(ftp, Vex) e 2 - (fy, Ve 2 ) e\] ( IL32 ) 



a,/3=l 
-,2A 



That we rewrite in the following form 

m-2 



_ 2 (_i)m-i ^ iJ« j iu (fi A y^) - 4e 2A |i?| 2 H 



a=l 

m-2 



= -2 ^ ff Q (V^n/j) [(n/j, Vei) e 2 - (^,Ve 2 ) e\] ( IL33 ) 

a, 13=1 

-2e 2A J] fc£fcJ+4e 2A \H\ 2 H . 

H is a section of TVS. By definition the covariant (negative) laplacian of H for 
the connection given by the orthogonal projection (w.r.t. the standard scalar 
product in R m ) on the fibers is given by 

e 2A A ± i? := -Krldiv{-Krl{WH)) , 

where tt^ is the orthogonal projection on the fibers of TVS. Using (|II.24p we 
have that 

e 2A A ± iJ := TTftdiv (VH a n a + H a (Vn a , ftp) ftp) 
= Y AH ° n ct + 2^Vi/ Q -(Vn Q ,n /3 )n /3 (n 34) 



Q,/3 



^ H a {Vft a ,ftp) {Vn p , 
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Assuming now that our embedding is Willmore, it is equivalent to assume that 
H satisfies JOJl (see [Wei] ) which means with the present notations that h 
satisfies 

A ± H + Kj h % H0 n a - 2\H\ 2 H = , (11.35) 

i,j,ot,/3 

Thus, for a Willmore embedding the following identity holds 



m-2 



_ 2 (_ 1 )m-i J2 H a div (n A V 1 ^) - 4e 2A |i?| 2 H 



a=l 

m-2 



(11.36) 



= -2 J2 Ra ( v± ^,n/3) [(n/3,Vei) e 2 - (^,Ve 2 ) e x \ 
+2e 2A 

Combining (|II.29p , pi.34jl and (jll.36[l we obtain that our conformal embedding 
$ is Willmore if and only if the following identity holds 

m— 2 m— 2 Tit— 2 

^ if" An Q - ^ Vff Q • V4 - (-I)" 1 " 1 ^ div (iJ" n A V^rv) 

a— 1 a— 1 a— 1 

■m — 2 m — 2 

= H a (Vn a ,n p )-S7np- ^ \7H a • (Vn„, fy) n p 

a, 0=1 a,/9=l 

m ~ 2 (II 37) 

-2 ff a (V^Ra,^) [(tf/j.Vei) e 2 - (ri/j, Ve 2 ) ei] 

a,/3=l 

+2^ A£T n Q +4^ V£T • (yn a ,n p )n p 

a a,0 

+2 H a (Vn a ,n ) (\7n p ,n 7 ) n 7 

a,/3,7 
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We prove now that the previous identity (|II.37|) can be written in divergence 
form. First we have 

(V ± fi a ,np) [(n^,Vei) e 2 - (r^,Ve 2 ) ei] 



dn a f drip g \ _ ( dri a ( dnp 



dx 2 ' 



rifi 



dxi 



dxi 



,np 



-,ei 



+ 



dn a f drip g \ _ f dn a ( dnp 



dx 2 



,np 



dx\ ' 



np 



-2 

dri a 
dx\ 



-2 
dri a 

3X2 



dri a 
dx 2 ' 



,np 



dri a 
dx\ 



,np 



np 

( drip 
\dx 1 



dri a 
dx 2 ' 



\dx 2 

( drip 
\dx 2 



e-2 



ei 



(■2 



,e 2 



e-2 



,71/3 e 



3 a H p 



dri a 



,np 



( drip 
\dxi 



/ drt/3 
\dx 2 



ei 



-2 if 3 (VSa.ri/jJ-V* 



-(\7ri a ,rip) ■ [(Vn/3,e 2 ) e 2 + (Vrl/j, ei) ei] 
Thus we have 

m-2 



-2 iT a {V- L fi a ,ftp) [(n/3,Vei) e 2 - (rip,Ve 2 ) ei] 

a,p=l 
m-2 

= 4 ^ iJ" ff^ (Vt7 q , 71/3 ) • V$ 



a=l 
m-2 

+2 ^ H ° (^ri a ,rip) ■ [(Vn/3,e 2 ) e 2 + (Vrl/j, ei) ei] 

a,/3=l 

Since (Vri a ,rip) = — (Vrip,ri a ), we deduce that 

m-2 

^ ff Q ij' 3 (V77 Q , 71/3) ' V$ EE , 
a,/3=l 

and we finally get that 

m-2 

-2 ^ if" (V-'-tfo.Tf/j) • [(rt/3,Vei) e 2 - (fy, Ve 2 ) ei] 

a,/3=l 

+2 ^ H a (\7ri a ,rip) ■ (Vnp,ri y ) n-f 

ct,P,~f 
m-2 

= 2 ^2 H a (Vri a ,rip) -Vrip . 

a, 0=1 



(11.38) 



(11.39) 



(11.40) 



(11.41) 
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Substituting this identity in (|II.37[) we obtain that the conformal embedding $ 
is Willmore if and only if 



H a Ari a - VHa ■ W « - (-l) m_1 div (H a n A V^) 

a—1 a — 1 a—1 

rri — 2 m — 2 

= 3 Y Ra (^n a ,n p ) ■ Vnp + 2 ^ A£T n a 

a, 0=1 
m-2 

+3 VH a ■ (Vn a ,rip)rip 
a,/3=l 



(11.42) 



a=l 



Using the condition (jll. 24[) satisfied by our special choice of trivialization of the 
normal bundle, we rewrite the previous identity in the following way 



m-2 



m-2 



m-2 



H a Ari a - Vi?Q • W « - (-l) m_1 Y div ( Ha H A V± ™«) 



a—1 a—1 

m-2 



a=l 



3 div 



^ H a (Vri a ,rip) rip 

a, 0=1 



2 Y AHa n a 



Observe in one hand that 

m—2 m—2 
a—1 a—1 

and in the other hand that 

m—2 m—2 

Y H a (Vri a ,rip) Hp =Y i^H,rip) rip . 

a, 0=1 0=1 

Using these 2 observations the Willmore equation (|II.43[) becomes 

m — 2 m—2 



AH - 3 Y ViJ " ' ~ 3 AHa Ha + div ( v± # 



A n 



a=l 

(m-2 
(VH, rip) np 
0=1 

Observe now that 

rn — 2 m — 2 

Y ^H a n a +Y (Vi?, np) rip 



0=i 



m-2 



m-2 



np 



a=l 
m-2 



a, 0=1 



VH-J2 Ha (Vwi) e l ~J2 HU ( V ^e 2 ) e 2 



VH - (VH, ex) ei - (VH, e 2 ) e 2 = ir a (VH) 



(11.43) 



(11.44) 



(11.45) 



(II. 



(11.47) 
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So finally we have proved that the Willmore equation can be written in the 
following form 

AH — 3 div(n H (VH)) + div (v^H An)=0 (11.48) 

III e— regularity for Weak Willmore graphs 



This section is devoted to the proof of the e— regularity theorem! 

Let then / be a function from D 2 into R™ 1-2 with 2 derivatives in the Lorentz 
space L 2 ' 1 realizing a Willmore graph. We consider the bilipschitz conformal 
parametrization from D 2 into G/ given by theorem 5.1.1 of |Hel] . Call this 
parametrization According to definition [Q] this means that the mean curva- 
tor H satisfies the equation (|I.9p . Denote by x a smooth cut-off function equal 



to 1 on D 2 ^ 2 and compactly supported in D 2 . Since C,%H — 0, we have 
At(x H) = 2div{V X H)-HA X ~6 div{-K H {H) V X ) 
+3(H ■ Vn) • n.Vx + K H ■ n) ■ Vn.Vx 
~3A X Trn(H) — HA V x n.Vx 



(111.49) 



Let 



and 



§i = 2div(V X H) - H A X - 6 div(v n {H) V X ) - 3A X ^(#) 



g 2 = 3(H ■ Vn) • n.V\ + 3(i? • n) ■ Vri.Vx — HA V^n.Vx 
We have 



and 



\\Mh-hd>)<C \ h \ 
Jb 1 \b 1/2 



lD*\Dl /2 



(111.50) 

(111.51) 
(111.52) 

(111.53) 



Denote v\ the solution of (|A.5|) given by lemma |A~T1 for g = gi and let v 2 be the 
solution of (|A.30[) given by lemma [A~3l for g = g 2 - We have in particular 



|Wi| 



< c 



\H\ 



D 2 \Dl 



/2 



(111.54) 



and 



|Vt7 2 ||i2,oo < C / |£T| |Vn| < Ce5 



(111.55) 



u := x-^ — ui — ^2 is in L 2 (D 2 ) and satisfies C^v = we also observe that 
since \ is compactly supported in D 2 , Vu is a sum of a compactly supported 
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distribution in the interior of D 2 and a L 2 '°° function. The trace of v on dD 2 
is therefore well defined and equals zero. Assuming Vn is in the Lorentz space 
L 2,1 (D 2 ) , we are now in position to apply lemma [A~8l and we deduce that v is 
identically 0. Thus we have proved that V(x-ff) is L 2 '°° and 



l|v(x#)IU».- (D ») < c 



\H\ 2 

D2 \ D l/2 



(111.56) 



We have Cn{xH) = Ca(H) — on D\^ 2 . We proceed to the following Hodge 
decomposition of V^-3tt s (VH) on D\ /2 : VH - 3n ri (VH) = VC + V ± D + r 
with the boundary conditions C = on 0D 2 ^ 2 and dD/dv = on D 2 j 2 and 
where f is harmonic. The following equations then holds In one hand 



2 



AC = div(H A S7 ± n) in D{ 



/2 



(111.57) 



2 



C = on dDf 



/2 



In the other hand 



AD = 3 div(ir ft (V ± H)) in D 2 



1/2 



f = on e^ /2 



(111.58) 



Using now that the right-hand-sides of (|III.57p . (|III.58|1 are jacobians of H and 
ft, since Vn G L 2 (D 2 ^ 2 ) and Vi? e L 2 '°°(D 2 ^ 2 ), we have, using the Wente 
estimate (|A.36I) . 

l|VC|U 2(J3?/2) + ||V£>|| L2(D?/a) < C||Vn|| L2( ^ /2) HVi/L^p^) (111.59) 

Since r is harmonic we have that ||r||£2(£) ) < (7||r||x,2, 00(73 ). Combining 
this last inequality together with (|III.59j) . and the fact that \VH — 37Tfj(V-ff)| > 
\VH\, we have established in particular that 

\\VH\\ LHDhd < C||Vn]] L2(D?/2) ||Vff|| £a .co (Z3?/a) + ||V^|| La .- (ZJ?/a) (IIL60) 

Using one more time the same Hodge decomposition but on D 2 ^ instead of 
D 2 / 2 , and replacing Wente's estimate (|A.36[) by Wente's inequality (3.47) in 
theorem 3.4.1 of [Helj (which was originally obtained by Luc Tartar in [Talj ) 
and argueing similarly as before we get 

\\VH\\ L s, HDf/s) < C\\Vfi\\ L2{Dl/i) ||Vi?|| i2(D?/4) + \\VH\\ L2 ,~ (Dl/i) (111.61) 

Using now equation 24[) . since VA G i 2 ^(Z? 2 ) (see [Helj ) . we have that 
V(A0) is in L 2,1 (D 2 ^ S ) and this implies that Vn is in L°°{D 2 ^). Moreover, 
combining l|III.56|) . (|III 60|) and (1III.61|) we obtain 

UWIIi^,.) <C f |Vnf , (111.62) 



D- 



and theorem 11.31 is proved. □ 
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IV Point removability for Willmore graphs. 



This section is devoted to the proof of theorem 11.41 

Under the assumptions of the theorem we shall consider the Lipshitz confor- 
mal parametrization $ from D 2 into G/, the graph of /, obtained by following 
the arguments of [KS3 (pages 332-334) which are based on the use of Huber's 
result on conformal parametrizations of complete surfaces in R m [Hub] together 
with the estimates given by the work of Miiller and Sverak MS . The preimage 
of (0, /(0)) by 4> being in the inside of D 2 we can always assume (after a possible 
composition by a Moebius transformation of D 2 ) that <E> _1 ((0, /(0)) = 0. Using 
theorem lI.3l we have that <3? is G°° in D 2 \ {0}, moreover, from 12|) . there exist 
a positive function S(r) going to zero as r goes to zero such that 

Va;eL> 2 \{0} |x| |VrJ(i)| + \x\ 2 |V 2 n| < 5(\x\) . (IV.63) 

The distances are taken with respect to the flat metric on D 2 , it is however 
equivalent to the distance for the induced metric in the graph due to the esti- 
mates in |MSj . 

A positive number e being given, we can restrict to a smaller disk and dilate 
to ensure that 

\\\x\\Vn\(x)\\ 2 QC + f \Wn\ 2 <e . (IV.64) 
Jd 2 

Since H is in L 2 (D 2 ) the distribution C^H makes sense in V'{D 2 ). Moreover, 
since $ is Willmore in D 2 \ {0}, the distribution CaH is supported in zero 
and is therefore a finite linear combination of derivatives of the Dirac mass at 
the origin. Since CaH is a sum of an H~ 2 distribution and derivatives of L 1 
functions it can only be proportional to the Dirac mass centered at the origin 
itself : 

£ n H = c 6 . (IV.65) 

In anticipation to the result we introduce the constant Hq satisfying Co = 
— AttHo. Let L the solution to the following problem given by lemma lA~4l 

CftL = -4irH in D 2 , 

(IV.66) 

L = on 3D 2 . 

We have VL G L 2 '°°. Since n is smooth in D 2 \{0} and satisfy || \x\ k \7 k n\\ L ^^ D 2) < 
+oo, we can apply lemma lA~9l in each annulus D^-i \ D^-i-i to deduce that L 
is smooth in D 2 \ {0} and that 

sup xeD 2\x\ \VL(x)\ < +oo . (IV.67) 

Like in the previous section we introduce the cut-off function \ equals to 1 on 
D 2 / 2 and compactly supported in D 2 . We introduce g\ and gi like in (|III.50p 
and (|III.51|) and consider v\ and V2 the solution respectively of (|A.5|) given by 
lemma |A~T1 for g = g\ and the solution of (|A.30j) given by lemma [A~3l for g = gi- 
v\ and V2 satisfy (|III.54j) and pil.55|) . Therefore we have in particular that Vvi 
and V{?2 are in L 2 '°° and, like for L, since C^Vi equals on -D 2 / 2 anc i since g\ 
and gi are smooth, we have for i = 1, 2 

su PxeD 2 \ x \ |Vi/i(x)| < +oo . (IV. 68) 
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Denote w := H — v% — V2 — L. It is an L 2 solution to £j(i) — which is smooth 
in D 2 \ {0} and equal to on dD 2 . We claim that w is identically on D 2 . 

For r > we denote Xr{x) = x(x/r). Let fa be a sequence of normalised 
eigenvectors of Cft in W ' (-D 2 , K. m ) and forming an Hilbert orthonormal Basis of 
L 2 (_D 2 ,R m ) (the existence of such a Basis is obtained by combining the result 
of Lemma lA.ll and Hilbert-Schmidt theorem). Denote Xi the corresponding 
eigenvalues. From lemma Uj] again we know that Xi ^ 0. We have 



(1 - Xr) w ■ fa = — I (1 - Xr) $ ■ £n<, 

D 2 A i JD 2 



1 

J D~ 

1 



VXr W ■ 



Vfa - 3ir fl (V0i) - fa AV ± n 



(1 - Xr) V«i • Vfa - 37r s (V^) - fa A V x n 



(IV.69) 



= T/ i 1 ~ Xr) <t>% ■ £>nw + t~ I Vxrw- Vfa-Zir^Vfa) 

Aj JD 2 \ J D 2 1 

-— I Vxr [Vic - 37r fJ (Vu;) - w A V x n] • & 
Xi Jd 2 

Since in the sense of distribution C^w — 0, we have 

- / Vx r [Vw - 3tt s (Vw) — w A V x n] = Xr}©/ c - = (IV.70) 

- ' 



Thus, in the last term of (|IV.69|) . we can substract to fa the vector c Tt i which 

I 2 

r/2' 



is the average of fa on D 2 \ D 2 , 2 , and we get 



(1 - Xr) w ■ fa = - 

D 2 A 



i JD 



Vfa - 37T I -j(V0i) 



-— / Vxr [Vw- 3tt h (Vw) - w A V x n] 



(IV.71) 



Denote z/(r) = sujv^^z^rM 2 |Viu|(x) + \x\ \w\{x). With this notation we 
control the right-hand-side in the following way. In one hand, using Cauchy- 
Schwartz, 

1 



K jd 2 

< C, 



Vfa - 3irfi(yfa) 
v(r) 



! D 2 \o 2 r/2 r- 
< C t v{r) 



\Vfa\ 
\V$ l \ 2 



(IV.72) 



Using lemma IA.51 and the fact that v{r) converges to zero as r converges to 
zero (This is obtained combining pV.63|) . PV.67|) and ljIV.68|l ) we have that the 
left-hand-side of PV.72|) converges to as r goes to 0. In the other hand, wc 



19 



have, using Cauchy-Schwartz and Poincare inequalities 



Vxr [Vw - 3tt. s (Vu;) - w A V^ra] 



<C,: 



z/(r) z^(r) <5(r) 
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< C7, Kr) + i/(r) <5(r)] -j 



< d [v(r) + v(r) S(r)} 



\<Pi- 
|V0,| 2 



(IV.73) 



Again using lemma IA.5[ and the fact that v{r) and 8(r) converge to zero as 
r converges to zero we obtain that the left-hand-side of PV.73[) also converges 
to as r goes to 0. So finally combining (|IV.71|) . (|IV.72|) and PV.73|) we have 
that § D ?(X ~~ Xr) w • <Pi converges to zero as r goes to zero which implies that 
J D2 w • 4>i — 0. Since this holds for every i and since <pi realizes an orthonormal 
basis of L 2 we obtain that w is identically zero and hence 



H = L + vi 



i'2 



(IV.74) 



Because of lemma lA.9) since CftVi equals to zero on D^ 2 , we deduce that V\ and 

V2 are smooth on D 2 ^. Thus it remains to study the assymptotic expansion of L 

at the origin. First we observe that since VL G L 2 '°°, we have that Vi/ G L 2, °° 
and using (|II.26|) we deduce that 



AV$ = 4e 2A HVA 



2e 2A VH g n p<2 L p 



(IV.75) 



Since e A = |V$| we deduce from (|IV.75[) that Ve A G L q for every q < +oo. 
Bootstraping this information again in (|IV.75|) we deduce that AV0 G / 2 -°° 
which implies in particular that V 2 n is in L 2, °° . From [Helj (proof of theorem 
5.1.1) we see that the Coulomb framing (ei,e2) has the same regularity as n : 
V 2 e*i G L 2 '°°. In particular this implies that cfj G C°' Q for every < a < 1. We 
claim now that ei(0) • Hq = 0. We have, using the fact that H ■ e = 0, 



-471-^(0) • i/ <S = • c2w(Vi/ - 3tth(VH) -HA V x n) 



cfo(e; • Vi? - 3e 4 • H A V^n) - Ve 4 ■ Vi/ - 37r K (Vi/) — HA V ± n 



= div(-H ■ Ve, — 3e, • iZ A V x ri) - Ve t • Vi/ - 3ir H (VH) - HA V^n 

(IV.76) 

Observe now that the right-hand-side of (|IV.76[) is an L p function for some p > 1 
and that this function should be proportional to the Dirac mass at the origin. 
This implies that the coefficient 47rei(0)-i/o is zero. Let now R := L — Hq log \x\. 
We have 



CftR = -3div(ir n (H ) V log |z|) - V log \x\ H A V^n 



(IV.77) 
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Since ir n (H Q ) = (H ■ Si) gi + (H ■ e 2 )e 2 = (H ■ (e x - ei(0)))ei + (H ■ 
(e*2 — e*2(0)))e*2 and since are in C°' Q for every a < 1 we have then than 
r~ 1 Kn{Ho) G £ p for every p < +00. Thus we have proved that CnR € W~ 1,p 
for every p < +00. Arguing like in the proof of lemma IA.1I we have that 
R G r\ p<+00 W 1 ' p . Hence we have proved that H — H log|x| is in C°' Q for 
every a < 1 and this finishes the proof of theorem 11.31 □ 



A Appendix 

Lemma A.l There exists Eq > such that for every < e < £0 > i/iere exists 
a constant C > independent of e such that the following holds. Let n from D 2 
into the space of unit m — 2— vectors in R m satisfying 

\Vn\ 2 dx<e . (A.l) 

D 2 

Let g be an arbitrary distribution in the Sobolev space H~ 1 (D 2 ,R m ) dual to 

W ' (.D 2 ,M m ) } i/ien £/iere exists a unique map v in W ' (D 2 , R m ) satisfying 

Av — 3 dw(7rs(Vi/)) — diii (u A V^n) = g in D 2 

(A.2) 

v — on <9£> 2 , 
and 

/ |V<f < C Ml-, . (A.3) 

Moreover the operator C~Z l which to g assigns v satisfying I A . Sty is selfadjoint 
and compact from L 2 {D 2 ,W n ) into itself. □ 

Before proving lemma IA. II we shall prove first the following. 

Lemma A.2 There exists Sq > such that for every < e < Sq , there exists 
a constant C > independent of s such that the following holds. Let n from D 2 
into the space of unit m — 2— vectors in R m satisfying 

|Vn| 2 dx < e . (A.4) 

D 2 

Let g be an arbitrary distribution in the Sobolev space H^ 1 (D 2 , R m ) dual to 
W ' (D 2 ,M. m ), then there exists a unique map v in W ' (D 2 ,M. m ) satisfying 



Av — 3 div(TTf{(Vv)) = g in D 2 
v = on dD 2 , 



(A.5) 



/ IV^I 2 < C Uglll-, . (A.6) 

JD 2 



□ 
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Proof of lemma IA.2i 

First of all we show that under the assumption (|A.4[) of the lemma, the 
following implication holds for every C in W 1 ' 2 (D 2 1 R m ) 

AC - 3 div(n n (VC)) = in D 2 

C = (A.7) 

(7 = on 3D 2 
The proof of (|A.7|) goes as follows. Since 

cfo(VC - 3 7 r fJ (VC ; )) = , 
from Poincare lemma, there exists D in W 1,2 (D 2 , M. m ) satisfying 

V^D = VC - 3tt^(VC) . (A.8) 
This implies in particular that D is a W 1 ' 2 solution of the following equation 

m m 

A£ = 3 V^C* • V(eJ ei) + 3 ^ V^C* ■ V(e§ e 2 ) in L> 2 

k=i k=i (A.9) 

^=0 on9fl 2 , 

where C fc are the coordinates of C in the canonical basis of R m , (ei,e*2) is an 
orthonormal basis of the 2-dimensional subspacc defined by ft given by lemma 
5.1.4 in [Helj . From this lemma we have in particular the existence of a constant 
C such that 

/ |Vei| 2 + |Ve 2 | 2 dx < C [ |Vn| 2 dx . (A.10) 
Jd 2 Jd 2 

Using now the Neuman boundary condition version of Wente's lemma given in 

Hel (lemma 3.1.2) we have, 



|VL>| 2 dx < Ci 

D 2 



Ve*i| 2 + |Ve 2 | 2 dx 

D 2 



< de I IVCI 2 dx 



|VC| 2 dx 

n 2 

(All) 

|V(7| 2 dx 

(the boundary condition studied in [Hel] lemma 3.1.2 is the Dirichlet condition 
but modulo a slight modification the W 1,2 estimate can be obtained also for the 
Neuman boundary condition by classical arguments in elliptic theory) 
Observe that (|A.8p implies that 

IV.DI 2 = |^ T (VC)| 2 +4|^(V(7)| 2 > |VC| 2 , (A.12) 

where ttt denotes the orthogonal projection on the 2-plane in M m defined by 
ft. Combining then (jA.llj) and (|A.12|) we obtain, for e < l/(2Ci), that (7 = 
which proves the implication (|A.7|) . 

Let now g in H- 1 {D 2 ,W n ) and let B solving 



(A.13) 
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We claim that there exists (A, F) solutions to 

divF = div (ir T (V^A) - ±Tr H (V ± A) 



curlF = -curl (n T (VB) - ±n n (VB)\ 
F ■ v = on 3D 2 



in D 2 
in D 2 



(A.14) 



where A is the curl— part in the Hodge decomposition of ttt(F) — 2itft{F) given 
by: 

in D 2 



-Al = curl Ok t (F) - 2tt s (F)) 
1=0 on 3D 2 



(A.15) 



(remark that F(x) is an element of R 2 ® R m and that F ■ v G M m in (|A.14p has 
to do with the scalar product between the unit exterior normal to 3D 2 and the 
R 2 part in F). The existence of a solution (A, F) of the system (|A.14J) . (|A.15j) 
is again a consequence of Wente's estimate : we write in one hand 

/ 1 \ 3 m 3 m 

dtv I 7r T (V x A) - -7r s (V^)J = |^V x A fe -V(e? el) + |^ V^-V^ e 2 ) 

^ ' fe=i fc=i 

(A.16) 

and in the other hand 

^t(VB) - ~7T«(V5) ) = 2 E ' V± (^ ^) + 2 E VBk ■ V ^( e 2 e 2 ) 
' fe=i fe=i 

(A. 17) 

where j4 fe and B k are the coordinates of respectively A and -B. Therefore, using 
Wente's estimate, we have the following a-priori inequalities 



\F\ 2 < C 2 



D 2 



Vei| 2 + |Ve 2 | 2 dx 



D 2 



D 2 



|VA| 2 



\VB\ 2 dx 



<C 2 e 



(A.18) 



D 2 



|VA| 5 



From ()A.15|) and standard elliptic estimates we have 



IVAI 2 dx < C a 



D 2 



|F| 2 dx 



D 2 



(A.19) 



Thus for C3C2S < 1/2, a standard fixed point argument gives the existence 
and uniqueness of (A,F) satisfying (|A.14|) and (IA.15|) . Since 



div [ F - [ ttt(V^A) - -nniV^A) ) ) = , 



there exists C in Wq' 2 (D 2 , R m ) satisfying 



F - ( ttt(V^) - -nni^A) ) = V^C 



(A.20) 
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Then we deduce that 

tt t (F) - 2tt«(F) = V ± A + ttt^C) - 2 7 r r1 (V- L (7) . (A.21) 

Taking the curl of this identity together with (|A.15j) implies that C solves the 
following equation 

AC - 3 div{-Kn{VC)) = -curl (k t {V^C) - 2ir ri {V ± C)) = in D 2 
(7 = on dD 2 . 

(A.22) 

(|A.7|1 implies then that C = therefore 

7r T (F) -2tt h (F) = V x l . (A.23) 
From (|A~14jl there exists v in W X ' 2 (.D 2 ,R TO ) satisfying 

F = -itt(VB) + --k h {VB) + Vv (A.24) 
Combining (fA~23|) and (fA~24)l we obtain that 

V ± A = -VB + 7r T (Vu) - 27r fS (Vu) . (A.25) 

Comparing this identity with (|A.13p we deduce that v solves (IA.5I) and from 
(|A.7[) we know that this is the unique solution. (|A.6|) follows from (|A.18[) and 
(|A.19| . This completes then the proof of lemma IA.2I □ 

Proof of Lemma IA.ll 

Denote A^" 1 the continuous isomorphism from H~ 1 (D 2 , IR m ) into Wq' 2 (D 2 , R r 
which to a distribution g in H~ 1 (D 2 ,M. m ) assigns the solution v of 

A v = g in D 2 

(A.26) 

v — on dD 2 . 

We have seen in lemma lA.21 that the operator Aav := Av — 3 div(irft(Vri)) 
is a continuous isomorphism from Wq' 2 (D 2 , KL m ) into iJ _1 (i? 2 ,R' Ti ) and the 
norm of An and A^ 1 are independent of n satisfying (|A.4[) for e < e where 
£o is universal given by lemma IA.2I Our aim is to show the invertibility of the 
operator 

Ag 1 An(v) - A^div{v A V^n) 

from Wo' 2 (D 2 ,R m ) into itself, with norms independant of n satisfying (j A.4|) 
for e < Eq. This is a direct consequence of the invertibility of A^ 1 An from 
Wq' 2 (D 2 ,M. m ) into itself and the fact that by the mean of Wente estimate ( 
theorem 3.1.2 of [Helj ) the operator A^divtf A V ± n) satisfies for every v in 
Wo' 2 (D 2 ,R m ) 

|| Ao 1 diw(iTAV- L ri) ||^i, 2 < C j \Vv\ 2 dx j \Vrl\ 2 dx < C e \\v\\ 2 wl , 2 (A.27) 

Jd 2 Jd 2 

We have then proved the first statement of lemma lA.ll and it remains to show the 
compactness and the self-adjointness of Cz l from L? into itself. Compactness 
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is clear since CZ 1 sends H~ 1 (D 2 ,R m ) into W ' which is a compact subspace 
of L 2 . Let g and h in L 2 (D 2 ,R m ) (we can take them first smooth). Denote 
v := and w := (h) we have 

/ g-Cz\h)dx 

J D 2 

Av ■ w — 3 div(TTft(Vv)) ■ w — div (y A V ft) ■ w dx 

/ v ■ Aw + 37rs(W) • Vw + (v A V x n) • Vw rfa; 
Jd 2 

v- Aw + 3Vw • 7r H (Vw) - v- (V«J A V^n) 



(A.28) 



D 2 



u • Aii) — 3u • diu (7Ts(VuJ)) — u • div (w A V ft) 



I v-h = [ C R \g)-h 
Jd 2 jd 2 



This shows the self-adjointness of C- 1 and lemma fSTTI is proved. □ 
We now extend the two previous lemma to L 1 datas. We have first 

Lemma A. 3 There exists Eq > such that for every < e < Sq , there exists 
a constant C > independent of e such that the following holds. Let ft from D 2 
into the space of unit m — 2— vectors in R m satisfying 

\Vn\ 2 dx < e . (A.29) 

D 2 

Let g be an arbitrary map in L 1 (D 2 ,W n ), then there exists a unique map v with 
Vv in L 2 ^ oc (D 2 , R 2 ® M. m ) satisfying 

Av — 3 div(7rs(Vw)) — div (y A V ft) = g in D 2 

(A.30) 

v = on 3D 2 , 
and 

llV^Ua..^) < C \\g\W{D 2 ) ■ (A.31) 

□ 

Before proving lemma |A. 3 1 we shall prove first the following. 

Lemma A. 4 There exists £o > such that for every < e < Eq , there exists 
a constant C > independent of e such that the following holds. Let n from D 2 
into the space of unit m — 2— vectors in R m satisfying 



|Vn| 2 dx < e . (A.32) 

D 
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Let g be an arbitrary map in L 1 {D 2 ,W n ), then there exists a unique map v with 
Vv in L 2 >°°(D 2 , K 2 ® W n ) satisfying 

Av — 3 div(iTf{(Vv)) — g in D 2 

(A.33) 

v = on 3D 2 , 
and 

II W]| £2,^) < C \\g\\ L i { D*) ■ (A.34) 

□ 

Proof of lemma IA.41 We first recall the following generalization of Wente's 
estimate established in Hel (theorem 3.4.5). Let a and b be two functions on 
D 2 with Va G L 2 '°°(D 2 ) and Vb G L 2 (D 2 ), then there is a unique solution ip in 
Wo 1 ' 2 ^ 2 ^) satisfying 

Av? = Va ■ V ± b in D 2 

(A.35) 

= on <9D 2 , 

and the following estimate holds : there exists a positive constant C independent 
of a and b such that 

||Vvj|| £a (D>) < C||Va|| L »,=o (D3 ) ||V6|U=»(£.= ) ■ (A.36) 

The proof of lemma IA.4I follows then step by step the proof of lemma IA.2I by 
replacing the original Wente estimate by the estimate (|A.36[) and the L 2 norms 
of VC, VB, VA, F and Vv replaced by their L 2 '°° norms. □ 

Proof of lemma IA.31 

Let g be in L 1 (D 2 ,W n ). Denote again Anv :— Av — 3 div(TTft(Vv)). Using 
lemma lA~4l we first get the existence of vo with Vvq G L 2 '°° satisfying 

Anvo = g in D 2 

(A.37) 

v = on 5Z) 2 

Then we construct by induction the following sequence Vk with vq given by 
(|A~37| and v k for fc > 1 will be the element of W 1,2 (D 2 ,R m ) solving 

Aq ^(ufe) = A ( 7 1 diw(4-i A V^n) , (A.38) 

where A^" 1 is the operator introduced in the proof of lemma lA.ll by (|A.2GI) . 
This problem admits indeed a solution for the following reason : let v^-i being 
given, with the assumption that VHk-i in L 2 '°°, using (|A.36|) we have 

\\A^ l div(ff k -i A V x n)\\ w x,2 < C ||Vw fc _i|| L 2,oo||Vn|| L 2 . (A.39) 

Moreover we have seen in the proof of lemma lA~Tl using lemma lA~2| that A^ 1 ^ 
is a continuous isomorphism of W ' . Combining (j A.39|) and this last fact we 
get the existence and uniqueness of Vk, once Vk-i is known, and the following 
inequality holds 

||W fe |U2,oc < ||V4||l^ < C UVufe-ilU^UVnll^ . (A.40) 



2G 



Thus, under the assumption that C||Vn|| £ 2 < 1/2 the serie Y^k=o^ k converges 
to a limit v = YlkLo ^ k s °l vm g (|A.30|) and (|A.31|) holds. The uniqueness of v 
follows from the uniqueness of the solution of An{v) = g for arbitrary g € L 1 
established in lemma EH and the previous considerations with C||Vji||x,2 being 
small enough. □ 

Lemma A. 5 There exists So > such that for every < e < Eq , there exists 
a constant C > independent of e such that the following holds. Let n from D 2 
into the space of unit m — 2— vectors in R m satisfying 

\\\x\\Vfi\(x)\\ L <~( D 2 ) + \Vn\ 2 dx<e . (A.41) 
Jd 2 

Let g be an arbitrary function in L {D , M m ) , let v be the unique map in 
Wq' 2 (D 2 , M. m ) given by lemma VA.B satisfying 



Av — 3 div(irfi(X7v)) — div (y A V^n) — g in D 2 
v = on dD 2 , 



(A.42) 



and denote vo and v±_ the maps from D into W 11 given by 

vo{%) — 7r~j r / v and v± = v-v ■ (A. 43) 

2n m JdB lxl (o) 

Then the following inequality holds 



Wo|lW^+ ^+ |V 2 ^| 2 <C \g\ 2 (A.44) 



|W X | 2 

Jd 2 \ x \ Jd 2 Jd 2 
Before proving lcmma lA.5l we need to establish the following intermediate result 



Lemma A. 6 Let a and b be two functions respectively in W 2,2 (D 2 , 
W 1 ' 2 {D 2 i m) such that b e C X (D 2 \ {0}) and 

sup \x\ |V6|(a;) < +oo 
xeD 2 \{o} 

Let p> be the solution in W 1 ' 2 of 

da db da db ~ 
A ^ = o— * 7T- 7T- mD 

OXi 0X2 OX2 OX\ 

p = on dD 2 
Denote (po and p± the functions on D 2 given by 



po(x) = 



1 



2tt \x\ 



p and p±_ = p — pa 



as w (o) 



Then the following inequality holds 



|vV| 2 



< c 



\\\x\\Vb\(x)\\t 



|V6| : 



^ + l|v ao || 2 oc 



(A.45) 



(A.46) 



(A.47) 
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Proof of lemma [A.6i Since <po is the first term in the Fourier decomposition 
of <p (for the angle variable), we have that 



Aipo 



ddo <%o 9ag dbg 

dxi 8x2 dx2 dx\ 

( 9a± 9b± 9a± db± 

\ dxi 8x2 dx2 dx\ 



(A.4 



Indeed it is clear that ^ _ p± Ml as we n as pa. |Ll _ pa. p± ha e no 

OXi OX2 OX2 OX! 0X\ 0X2 OX2 OXi 

0— component. This comes from the fact that ao and 60 depends only on |x| 
which imply the identities 



9a± dbo 9a± dbo 1 9a± ■ 



r 99 



dx\ 8x2 9x2 dx\ 

ddo 9b± dao db± 
dx\ 8x2 8x2 9x\ uv ' r 99 



ao(r) 



19b A 



(A.49) 



It is also clear that, since both ao and 60 only depends on \x\ that the first 
jacobien in (|A.48|) is zero. Thus we have, using one more time (|A.49|) . 



Vo 



^ A 
- = Aifio 

r 



9a± 9b± 
9xi 9x2 

9a± 9b 
9x\ 9x2 



9a± 9b± 
9x2 9x\ 

9a± 9b 
9x2 9x\ 



(A.50) 



Denoting h(r) the right-hand side of (|A.50j) . we then have that ipo = r 1 J Q r h(s) s ds. 
Therefore \(po\ can be bounded in the following way : 



I Vol 



^ L |vaj|v61 



< C|||a;| \Vb\{x) 



IVoj.1 



(A.51) 



Regarding (p± we have : 

/ 9a 9b 9a 9b 
^ \9xi 9x2 9x2 9x\ 



( 9ao 9b 9a 9b 
\dx% 9x2 9x2 9x\ 

In one hand we have 



9a± 9b 9a± 9b 
9x\ 9x2 9x2 9x\ 



(A.52) 



D- 



( 9ao 9b 9ao 9b 
\9xi 9x2 9x2 9x\ 



< 



9ao 9b 
9x\ 9x2 



9a 9b 
9x2 9x\ 



< C||Va | 



|V6| : 



(A.53) 
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In the other hand we have 

/ da± db da± db 
D 2 \ dx\ 8x2 dx2 dxi 

da± db da± db 



< 



D 2 



dx\ dx2 dx2 dx\ 



< C\\\x\ \Vb\(x) 



|Vaj 



(A.54) 



Combining (|A.51|) . (|A.53|) and (IA.54j) we get (|A.47j) and lemma lA~B1 is proved. 
□ 

Proof of lemma IA.51 Let A, B and C be the solutions respectively of 

in D 2 

on 3D 2 




(A.55) 



and 



AB = div(v A V n) 
B = on dD 2 
AC = 3div(7T H (y ± v)) 



in D z 



in D 2 



(A.56) 



av 



(A.57) 



on 3D 1 



It is clear that v = A + B + C. Using standard elliptic estimates for equation 
(|A.55[) and applying lemma IA.6I to equation (|A.56|) and the Neuman-boundary 
condition version of lemma IA.6I to equation (IA.57j) we obtain 



IV A) I 



IIVSqIIL 
and 

llvCoiiL 



D- 



D 2 



|VBJ 2 



\V 2 A\ 2 < C 



D- 



\y 2 Bi\ 2 < Ce 



D- 



D 2 



D 2 



|V 2 (7i I 2 < Ce 



id 2 

|WJ 2 

M 2 

|Vt/J 2 



Ud 2 



|W || 



|W || 



(A.58) 
(A.59) 

(A.60) 



where we have used the fact (like in (|A.9p ) that div(iTf{(V ± v)) is a jacobian of 
the form — . V^w fe • V(ef e*j) and (ei, e-x) is an orthonormal frame generating 
the 2-plane n and given by lemma 5.1.4 of [Helj . Combining (|A.58|) , (|A.59|) . 
(|A.60|) and choosing e small enough, we get (|A.47j) and lemma lA~5l is proved. □ 

Lemma A. 7 There exists Sq > such that for every < e < Sq the following 
holds. Let n be a W 1,2 map from D 2 into the space of unit m — 2— vectors in 
satisfying 

|Vn| 2 dx < e . (A.61) 

D 2 
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Let <f> be a W 12 eigenvector of £^ i.e. solution to the equation 



A(j>- 3 div{TTn{V$)) - div ($ A V^nj = \<j> 
6 = on dD 2 , 



in D 



(A.62) 



for some constant AeR. Then, assuming furthermore that the gradient of n is 
in the Lorentz space L ' , we have that <fi is Lipschitz with second derivatives in 
L 2 ' 1 . □ 



Proof of lemma I A. 71 First we prove that 6 is in W 1,P (D 2 ) for every 1 < 
p < +oo. Let 2 < p < +oo and denote q the constant in (1,2) given by 
1/p = l/q — 1/2 in such a way that Wq{D 2 ) embedds in LP. We denote 
g := \<fi G L q (D 2 ) and we follow step by step the proof of lemma [A~2l starting 
from lA~13l replacing the assumption that g is in by the hypothesis that g 
is in L q . Precisely we first observe, using classical elliptic estimate that 



|Vfl|| w(J3 ») < C \\g\\ L «{D*) 



(A.63) 



Replacing Wente's inequalities by classical L q bound for Calderon-Zygmund 
operators we obtain the following a-priori estimate 



<C\\F\\ W ^<C 



\VA\ q \Ve\ q + \VB\ q | Ve| c - 



D 2 



<C\\WA\\ p HVelb + IIVBII ||Ve1| 2 



<Ce ||VA||p + \\WB\\ P 



(A.64) 



From this a-priori estimate, like in the proof of lemma lA.2( we get the existence 
of v solving Cftv = g which this time in W ' p for any p > 2. Because of the 
uniqueness given by lemma [A.2l thev all coincide with 6 and we have then proved 

that 0e n p<+oc W^ p (D 2 ). 

Let xq be a point in the interior of D 2 . For any e > we can find a radius 
p > such that the L 2 ' 1 Lorentz norm of Vn on B p (xq) is less than e 



|Vn| 



< £ 



(A.65) 



Consider a smooth cut-off function x equals to 1 on Bi/ 2 (0) and equals to 
outside Bi(0) = D 2 . Denote w the function on the two dimensional disk equals 
to 

w(x) = 6(px + x a ) x(x) ■ 

In view of the computations l|III.49|) . (|III.50|1 . pil.51|> . since <p e W^ P {D 2 ) for 
every p < +oo, we have the existence of k in L 2,1 (D 2 ) such that 



Cftw = k in D 2 
w = on dD 2 



(A.66) 
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We proceed now to the following Hodge decomposition of Vw — 37r^(Vw) on D 2 
: Vu; — 37Tg(VzZ;) = VC + \7 ± D with the boundary conditions C — on <9D 2 
and dD/dv = on D 2 . The following equations then holds In one hand 



In the other hand 



AC = div(w A W x n) + k in D 2 
C = on 3D 2 

' AD = 3div(TT ft (V- L w)) in D 2 



(A.67) 



£-0 



(A.68) 



on ao 2 



Using now the fact that the space of L 2 functions on D 2 having first derivatives 
in L 2,1 embedds in L°°, we get the a-priori estimates 



and 



||VC|U» (D2) + ||V 2 (7|| i2 , 1(D2) < G||A<5|| £ m (d ») 
<C [\\k\\ L 2, HD2) + \\Wn\\ L 2, HD2) ||V«J||£-] 

WVDWloo^ + \\V 2 D\\ L 2, HD2) < C\\AD\\ L 2, 1{D2) 

|VW|| L 0= 



(A.69) 



(A.70) 



< C ||Vn|| L 2. 

where we have used the fact that |dw(7r^(Vw))| < C[Vn| |Vw|. Thus for 
e having been choosed small enough in (|A.65|) . following the construction of 
lemma IA.21 we get the existence of a lipschitz solution of (|A.66p with second 
derivatives in L 2 ' 1 . From the uniqueness of lemma lA.ll we obtain that this 
solution coincides with w and we have then established that 4>{px + xq) x( x ) is 
Lipschitz with second derivatives in L 2 ' 1 . 

A similar argument including the boundary condition cp = could be carried 
out for any point xq on the boundary of D 2 . We then obtain that (j> is Lipschitz 
with second derivatives in L 2 ' 1 and lemma IA. 71 is proved. □ 

Lemma A. 8 There exists £o > such that for every < e < £o the following 
holds. Let n be a W 1 ' 2 map from D 2 into the space of unit m — 2— vectors in 
R m satisfying 

12 dx < £ . (A.71) 



iVnl 



D' 1 



Let v be a function in L 2 (D 2 ) such that Vu is a sum of a compactly supported 
distribution in the open disk and a function in L 2, °°(D 2 ) (in such a way that the 
trace of v on 3D 2 is well defined). Assume Vn is in the Lorentz space L 2,l (D 2 ) 
and that v satisfies in the distributional sense the system 



Av - 3 div(ir n {Vv)) - div (y A V^fi) = 

v = on dD 2 
Then v is identically in D 2 . 



in D 



(A.72) 



□ 
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Proof of lemma IA.8i We consider a smoothing v$ of v obtained by mak- 
ing convolution with a function with support shrinking as one get close to the 
boundary in order to ensure that Vvs S L 2 '°°(D 2 ), that v$ = v in a neighbor- 
hood of 3D 2 and that Vs — ► v in L 2 (D 2 , K m ). Let fa be a sequence of normalised 
eigenvectors of Cfi in Wq' 2 (D 2 , K m ) and forming an Hilbert orthonormal Basis 
of L 2 (D 2 ,W m ) (the existence of such a Basis is obtained by combining the re- 
sult of Lemma lA.ll and Hilbert-Schmidt theorem). Denote Xi the corresponding 
eigenvalues. From lemma [A~T1 again we know that Xi ^ 0. We have that 



vs ■ fa = \ / vs- C^fa ■ (A.73) 

D 2 JD 2 

From lemma |A~71 <bi is Lipschitz and V 2 fa € L 2 ' 1 . Therefore, since Vi\5 € L 2, °° 
and since both fa and ?/<5 are on 3D 2 , we have clearly that for any p > 2 



w<5 • Cft<j>i = (Cutis, 4>%) , , (A.74) 
\ / w- 1 -?' .Wo 

Observe now that Avg converges to Aw in H- 2 (D 2 ) which is dual to Wq (D 2 ), 
that div(TTfi(Vvs)) converges to div(iTfi(\/v)) in W -1 ' 1 © H~ 2 (D 2 ) and that 
div{v s AS7^n) converges to W~ 1 ^ 1 {D 2 ). So using that fa is in W 1 ' 00 CiW 2 > 2 (D 2 ) 
and interpreting the duality in the right-hand-side of (|A.74p by the mean of these 
norms we can pass in the limit as S goes to zero and we have that 

v ■ C n $i= (Cn(v),$i) 22 Ioo (A.75) 

Combining (|A.72[) . (|A.73[) and (|A.75|) we obtain that for every i J D2 v ■ fa = 

and since (fa) realizes an Hilbert base of L 2 we deduce that v is identically zero 
on L 2 which ends the proof of lemma IA.8I □ 

Lemma A. 9 There exists Sq > such that for every < e < Sq , there exists 
a constant C > independent of e such that the following holds. Let n be a 
lipschitz map from D 2 into the space of unit m — 2— vectors in M. m satisfying 

\Vn\ 2 dx<£ , (A.76) 

Let g be a map in L P (D ) for some p > 1. Let if be an L 2 solution of 

Av - 3 div(nfi(Vv)) - div (v A V ± ft) = in D 2 . (A.77) 
Then we have 

\\V 2 v\\l P [d 2 1/2 ) < C [||3llw(^) + M\l 2 (d 2 )} , (A.78) 

where -D 2 / 2 * s the disk centered at with radius 1/2. □ 

The proof of this result goes following the same line as the one followed in 
some of the previous lemma. 

Remark: The assumption that v is in L 2 is not optimal in the previous lemma 
for the result to be true. This is however sufficient for the use we are making of 
it. 
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